In this work, we investigate the characteristics of the electric current in the socalled symmetric Anderson impurity model. We study the nonequilibrium model using two complementary approximate methods, the perturbative quantum master equation approach to the reduced density matrix, and a self-consistent equation of motion approach to the nonequilibrium Green's function. We find that at a particular symmetry point, an interacting Anderson impurity model recovers the same steady-state current as an equivalent non-interacting model, akin a two-band resonant level model. We show this for a wide range of parameters at temperatures above the Kondo crossover regime, where the approximate master equation approach and the Green's function method provide accurate results for the current. We conclude that the steady-state current in the symmetric Anderson model does not encode characteristics of a many-body interacting system.
Introduction

The Anderson impurity model
1 is a fundamental model for studying strongly correlated open quantum systems that appears in many physical situations, including coupled quantum dots in semiconductor heterostructures 2, 3 and in molecular-and nano-electronics. 4, 5 It is one of the simplest models of interacting particles and exhibits complex many-body phenomena, such as the Coulomb blockade 6 and the Kondo effect. 7, 8 Such nonequilibrium steady-state effects of interacting open quantum systems, continue to present a grand challenge for theory. As such, the Anderson impurity model is often used as a benchmark for developing approximate methods to study many-body physics of interacting particles, in and out of equilibrium.
In recent years, numerous approximate methods have been developed to study transport through nanoscale interacting systems. Among these are quantum master equation approaches and their generalizations, 9-14 approaches based on the nonequilibrium Green's function formalism, [15] [16] [17] [18] [19] [20] and quasi-classical mapping techniques. 21, 22 More recently, numeri-cally exact approaches (namely, methods that allow for a systematic convergence of the results) have been proposed that allow for an assessment of the approximate methods in certain regimes of interactions and temperatures. Most notable are real-time path integral methods based on diagrammatic expansions of the hybridization or onsite interactions, [23] [24] [25] [26] [27] [28] [29] [30] [31] renor- Figure 1 : Schematic representation of the many-body energy levels of the system Hamiltonian, H S . In red: the non-interacting system U = 0, in black: the symmetric model U = −2ε. The Fermi energy of the leads, ε f , around which the chemical potentials are biased, is set to zero.
nonequilibrium Green's function approach. Although NEGF is typically more general and has a wider regime of validity than the QME approach, we present both results, as the perturbative QME approach facilitates a simple derivation. In the supporting material we discuss the validity of the approximations in more detail and compare the two methods in their appropriate regimes.
Quantum master equation
The quantum master equation description 41, 42 assumes weak-coupling between the dot and the leads, and is derived using second order perturbation theory in the dot-lead coupling strength. The time scale at which correlations in the leads decay should be smaller than the time scale for the leads to induce a significant change in the dot. This implies that the QME is valid when the temperature of the leads is sufficiently high with respect to the coupling strength (see supporting information for details). It is further assumed that there are no initial correlations between the dot and the leads, and that the leads are in local thermal equilibrium. Since the system Hamiltonian is diagonal in the many-body basis and the dot-lead coupling is bi-linear, the populations are coupled directly and not through the coherences. In other words, the equations of motion for the populations (diagonal terms of the reduced density matrix) and the coherences (non-diagonal terms) are decoupled in the many-body basis. Thus, if the initial state of the system is diagonal in the dot-energy eigen-basis or if we are interested in physical quantities that depend on populations alone, then the QME is reduced to a rate equation for the many-body states:
Here p 0 is the probability of occupying the empty dot state |0 , p ↑ and p ↓ are the probabilities of occupying the states |↑ and |↓ respectively, and p f is the probability of having a fully occupied dot corresponding to the state |f . The transition matrix is given by
where γ ij is the transition rate from state j to state i induced by the collective bath. The above rates can be calculated using Fermi's golden-rule and satisfy local detailed balance
where β is the inverse temperature of the -th lead and ε i is the energy of the eigenstate i.
Assuming symmetry between spin up and spin down, ε ↑ = ε ↓ ≡ ε, in the wide-band approximation, we can explicitly write
where
is the Fermi-distribution with the chemical potential µ . We note that the results presented in the manuscript are not limited to a wide-band approximation and are valid for any even spectral function, Γ (ε) = Γ (−ε).
The current from the bath is calculated according to
where N i is the number of electrons in state i, and J ij is the probability current from state j to state i, due to the coupling to the bath, and e is the charge of the electron.
Equation of motion nonequilibrium Green's functions
In order to investigate the steady state current in regimes where the QME is not valid, we also employ the EOM approach to the nonequilibrium Green's function formalism. [43] [44] [45] [46] [47] We begin by defining the impurity one-body nonequilibrium contour ordered Green's function, 39, 40, 48 
whereT c is the contour ordering operator and the average · · · should be interpreted as the trace over the many particle Hilbert space with the equilibrium density matrix at t = −∞. inter-dependent equations for Green's functions of higher orders. A common procedure is to truncate the equations by choosing an appropriate approximation (or closure), after which the equations are solved self-consistently. In this work we use a closure that is exact for the noninteracting limit, where U = 0, for any value of the system-leads coupling Γ, and at any temperature, reproducing the exact resonant level model solution. It also provides a good approximation at sufficiently large values of U , at temperatures above the Kondo crossover.
19,49
A detailed derivation of the closure is provided in the Supplementary Information.
We solve the equations of motion on the Keldysh contour and analytically continued to the real time axis using Langreth rules. 50 The integral equations for the retarded and lesser NEGFs in steady state are transformed to the frequency domain, resulting in the following algebraic equations:
whereσ is the opposite spin to σ,
and
, with τ = t − t . In the above, the steady state population of spin σ is given by
and we used the following definitions for the noninteracting Green's functions:
with δ = 0 or δ = U . The self energy due to the coupling to the leads are given by:
The above self energy is identical to the resonant level model self energy, where again f (ω)
is the Fermi distribution with inverse temperature β and a symmetric spectral function was assumed, Γ (ω) = Γ (−ω). The current at steady-state due to the th bath is given by,
Results and discussion The magnitude of the steady state current as a function of the Fermi-energy ε f and the bias voltage between the leads V . Panels (a1) and (a2) are for the noninteracting system, U = 0. Panels (b1) and (b2) are for the interacting system with U = −2ε. Panels (c1) and (c2) display the absolute value of the difference between the interacting and noninteracting results. Upper and lower panels were computed for T L = T R = Γ and T L = T R = 10Γ, respectively. Other parameters used: Γ L = Γ R = Γ/2, and ε = −10Γ.
In Fig. 2 we plot the magnitude of the current for the noninteracting (left panels) and interacting (middle panels) models, I
(0)
L , respectively. The results are plotted as a function of the Fermi energy (ε f ) and the bias voltage applied between the leads (V = µ L − µ R ), with the chemical potentials of the leads set to µ L,R = ε f ± V /2. Two different temperatures were considered: T L = T R = Γ (upper panels) and T L = T R = 10Γ (lower panels). To directly compare the results between the interacting and noninteracting models, we also plot the absolute value of the difference between the two (right panels). Results are shown for the EOM-NEGF approach, but a similar qualitative picture emerges within the QME formalism.
Focusing on the results for the noninteracting system (Fig. 2 , panels (a1) and (a2)), as expected, we find significant values for the current at a finite bias when ε f −ε < |V |/2, leading to the well-known diamond-like current characteristics, broadened by the temperature T .
The picture is a bit more evolved for the interacting case (Fig. 2 , panels (b1) and (b2) Interestingly, when the bias voltage is applied symmetrically, i.e. ε f = 0, we find that the current-voltage characteristics are identical for both interacting and noninteracting models, suggesting that the Coulomb blockade is completely suppressed. This is clearly depicted in panels (c1) and (c2) of Fig. 2 , where we plot the difference between the interacting and noninteracting currents, which diminishes as we approach the line ε f = 0 for all values of V . We now turn to rationalize this result. We begin by using the QME approach, which provides a simple relation between the interacting and noninteracting currents at ε f = 0. In the case where µ L = −µ R ≡ µ the master equation has a rather simple exact solution for the steady-state populations and currents (see supporting information). The steady-state current is given by
for the noninteracting case, whereas for the symmetric interacting model, the current takes a slightly more complicated form:
When the temperatures of both leads are balanced, i.e. T L = T R , Eqs. (15) and (16) coincide exactly. Note that the leads' spectral functions, Γ L and Γ R , need not be equal and the two expressions coincide as long as Γ L and Γ R are even functions in energy. In the case where
. Furthermore, the probabilities of the symmetric model are directly related to the non-interacting system average populations by:
One additional consequence of having the same electric currents is that the steady-state entropy production will also coincide exactly for the two models at this special symmetric point for ε f = 0.
The equivalence between the interacting and noninteracting currents can also be derived within the EOM-NEGF approach. For clarity, we restrict the discussion to the wide band limit and assume that Γ L = Γ R = Γ/2. In this limit, we find that the difference between the steady state currents of the interacting and noninteracting models is given by (see supporting information):
When the electric bias is centred around ε f = 0 with T L = T R , the above difference vanishes exactly, as the integrand becomes an odd function of ω.
Since the closure used to generate the equations of motion for the NEGF is accurate at small values of the onsite interaction U , at arbitrary coupling strength and temperature, and the QME is accurate at small system-bath coupling and high temperatures, for arbitrary values of U , the above result is expected to hold for a wide range of parameters.
Conclusions
In conclusion, we have shown both numerically and analytically that the Anderson impurity 
Supporting information
In this supporting information we give a detailed derivation of the master equation and the equation of motion approach to the nonequilibrium Green's functions for the Anderson impurity model and asses the validity of these approximations.
The Anderson impurity model is defined by the Hamiltonian H = H S + H B + V , where
describes the impurity (or dot), referred to simply as the 'system Hamiltonian',
describes the noninteracting fermionic baths (or leads), and
describes the hybridization between the system and the leads. In the above, d † σ (d σ ) are the creation (annihilation) operators of an electron on the dot with spin σ =↑, ↓ with one-body energy of ε σ , U is the on-site Hubbard interaction, c † kσ (c kσ ) are the creation (annihilation) operators of an electron in mode k of the leads with energy ε k , and t k is the hybridization between the dot and mode k in the lead. The coupling to the quasi-continuous leads is modeled by the leads' spectral function, Γ (ω), where t k∈ = Γ (ε k ) ∆ω/2π is the coupling between the dot and the kth mode of the = L, R bath, and ∆ω is the discretization of the leads energy spectrum. Throughout, we take Planck's constant and the Boltzmann factor to be 1.
For weak coupling to the leads and at high temperatures, the master equation (ME) approach is an adequate approximation to describe transport in the Anderson impurity model. In the many-body state basis of the system, the ME reduces to the rate equation:
where p 0 is the probability of occupying the empty dot state |0 , p ↑ and p ↓ are the probabilities of occupying a single electron in the states |↑ and |↓ respectively, and p f is the probability of having a fully occupied dot corresponding to the state |f . The transition matrix is given by :
Here γ ij is the transition rate from state j to state i induced by the = L, R bath, which can be calculated using Fermi's golden rule. Assuming symmetry between spin up and spin down and in the wide-band approximation, the rates are given explicitly by:
where µ is the chemical potential for the left ( = L) or right ( = R) leads.
The electric, the energy and the heat currents from the -bath are given by
where j ij = γ ij p j (t) − γ ji p i (t). Here N i and E i are the number of electrons and the energy of the many-body state i, and j ij is the probability current from state j to state i induced by the coupling to the bath. The probability currents can then be expressed as:
Note that if the left and right temperature of the baths are equal (T L = T R ) and the electric currents of the two systems are the same, then the entropy production ∆S of the two systems at steady-state is also identical. At steady-state ∆S = −
the entropy production depends solely on the electric current.
In the following we assume
Noninteracting model, U = 0:
Solving equations (S4)-(S6) for the noninteracting system, the steady-state probabilities are given by:
Since spin up and down are independent, the single particle probabilities are simply q 0 = √ p 0 of having no electron and q 1 = √ p f of having a single electron. Thus, the occupation number (average population) is given by,
The steady-state current can be calculated using equations (S7) and (S8), and is given by
Interacting model, symmetric Anderson model U = −2ε:
The steady state probabilities from equations (S4)-(S6) are
The additional necessary condition for having half-filling is that Γ L = Γ R and T L = T R . In this case, Eq. (S12) can be simplified to yield:
and the occupation number is n ↑ = n ↓ = 1 2
. The probabilities q 0 and q 1 of the noninteracting system are exactly twice the probabilities of the symmetric interacting system, i.e., q 0 = 2p 0 = 2p f and q 1 = 2p ↑ = 2p ↓ .
Using equations (S7), (S8) and (S12) the steady-state current from the left lead is,
For T L = T R ≡ T the steady-state current takes the form
which is identical to the current in the noninteracting model Eq. (S11).
In summary, the conditions for having equal currents for the interacting and noninteracting system are: equal temperatures of the left and right leads T L = T R , Fermi energy equal to zero µ L = −µ R (symmetric distribution of the bias) and U = −2ε. Note that the leads' spectral functions, Γ L and Γ R , are not necessarily equal as required for obtaining half-filling, but must be an even function in energy.
As a side note we mention that the difference between the currents in the symmetric and noninteracting models may be expanded to first order in the temperature difference between the leads, ∆T = T R − T L , to obtain
Thus, one may use the noninteracting result to obtain the interacting current in the vicinity of the symmetry point.
Nonequilibrium Green's function approach
We begin by defining the impurity one-body nonequilibrium Green's function (GF) on the Keldysh contour,
39,40
whereT c is the contour ordering operator. Using the equation of motion (EOM) technique, [43] [44] [45] we take the derivative of the GF according to one of the contour times, producing the following equation
where we defined
The above satisfy the following equations of motion
where we also defined
Since the Anderson model is not analytically solvable, this ever-growing set of inter-dependent equations will not come to a close, and so, we choose an appropriate closure, which is known to be a good approximation, above the Kondo crossover temperature. Within this closure, the equation of motion for F (2) kσ (τ, τ ) is taken exactly,
whereas G Therefore, within this closure, we will use the approximation:
In this derivation, we will also consider the neglected terms from the closure, in order to keep the full description in mind. Thus, we define
where ΓF (corr) σ is the difference between the exact G
σ and our approximation and the leading contribution due to the coupling to the leads is factored out. As a side note, we can show that the correction term will contribute at least ∝ Γ by writing out the full equation of
To arrive at the uncoupled equation, we neglect all terms with k∈L,R t k , keeping only terms that appear in the propagation under the dot Hamiltonian,
thus,
Solving the equations of motion on the Keldysh contour, one arrives at the following integral equations
where the noninteracting Green's function on the contour are defined as
, and the self energy due to the coupling to the leads (identical to the noninteracting model self energy) is given by
By means of analytical continuation (Langreth rules), 50 we find that the equations for the retarded and lesser Green's functions are given by
where the noninteracting Green's functions are given by
In steady state, all functions depend on time differences rather than two time variables, and thus, the integral equation are simplified to algebraic equations in frequency space.
Therefore,
where the σ-spin electron steady state population, n σ is given by:
and the noninteracting Green's functions in frequency are given by
In the above, we assumed that the spectral function characterizing the dot-lead coupling is symmetric, i.e. Γ (ω) = Γ (−ω). Note we also set the Fermi energy of the leads to ε f = 0, and consider spectral functions that are symmetric around ε f . This will be critical for considering the symmetric point of the Anderson model. The above equations may now be solved analytically.
Symmetric case -steady state solution
Let us now consider the more special case of the symmetric Anderson model, where:
The noninteracting GFs in steady state take the form:
Solving the steady state equations in frequency space, we start with the retarded GF.
Rewriting the first line of equation S38, we find
where we recognized the retarded GF for the noninteracting model
is the retarded GF for the noninteracting model with ε = + U 2 .
Plugging the above into equation (S44), we find:
where we defined the closure-correction contribution to G r :
Finally, using
we find
and we took the wide-band limit (WBL) for the lead-dot coupling,
Next, we look at the lesser GF's from equation (S38):
Terms of the form g
and we are left with:
By using G a = (G r ) * and equation (S45), we find
where the lesser GF for the noninteracting model is given by
and we defined
After simplifying and taking the wide-band limit for the lesser self energy,
the difference between the interacting and noninteracting GFs takes the form:
and the correction term is
To summarize the results thus far, we have solved the steady state Green's functions for the symmetric Anderson impurity model, G (ω), respectively. Correction terms that stem from the closure of the equations of motion, F (corr)r,< (ω), are also included, to give: More explicitly, in the wide-band limit, the equations take the form 
Steady state current calculation
First recall that in the symmetric case of the Anderson model,
therefore, we will look at the current of one spin, where the full current will be twice the former. The particle current from the lead in steady state for both the symmetric and the noninteracting models, is given by:
where the electric current will be given by multiplying by the charge of the electron, e. The difference between the Anderson current (for one of the spins) and the noninteracting model current is therefore given by:
Comparing the NEGF and ME approaches
To justify the validity of the results obtained using the ME approach we asses the validity of the ME by compering the results to the NEGF which becomes exact for the noninteracting system. Fig. S.1 demonstrates the regime of validity of the ME. We plot the relative error in the steady-state current for the noninteracting system, |I exact − I M E |/I exact . The exact current is calculated using the NEGF approach which is exact for U = 0. We find that when T, ε 10Γ the relative error is ∼ 1%. The relative error in the current for a noninteracting system calculated using the ME, as function of the leads' temperature, for different coupling strengths Γ. In (a) ε = −1, and in (b) ε = −10. In both panels: ε f = 0, V = 4, Γ L = Γ R = Γ/2 and U = 0.
In Fig. S.2 we plot the steady state current for the interacting system using the NEGF and its absolute value difference from the current obtained from the ME, |I N EGF − I M E |. At sufficiently high temperatures (T ∼ 10Γ) the currents calculated from NEGF and the ME are in good agreement. Left panels: the magnitude of the steady-state current in the symmetric system calculated using NEGF. Right panels: the absolute value difference between the currents calculated form NEGF and the ME. All panels are plotted as function of the Fermi-energy ε f and the bias voltage V = 0. In the top panels T L = T R = Γ, and in the bottom T L = T R = 10Γ. In all panels: ε = −10Γ, U = −2ε, and Γ L = Γ r = Γ/2. Note the different scales.
